We study the mixing of neutral particles in quantum field theory: the neutral boson field and Majorana field are treated in the case of mixing among two generations. We derive the orthogonality of flavor and mass representations and show how to consistently calculate oscillation formulas, which agree with previous results for charged fields and exhibit corrections with respect to the usual quantum mechanical expressions. DOI: 10.1103/PhysRevD.69.057301 PACS number͑s͒: 14.60.Pq, 11.15.Tk The study of the mixing of fields of different masses in the context of quantum field theory ͑QFT͒ has recently produced very interesting and in some sense unexpected results ͓1-14͔. The story began in 1995 when, in Ref. ͓1͔, the unitary inequivalence of the Hilbert spaces was proved for ͑fer-mion͒ fields with definite flavor on one side and those ͑free fields͒ with definite mass on the other. The proof was then generalized to any number of fermion generations ͓7͔ and to bosonic fields ͓2,5͔. This result strikes of the common sense of quantum mechanics ͑QM͒, where one has only one Hilbert space at hand: the inconsistencies that arise there have generated much controversy and it has even been claimed that it is impossible to construct a Hilbert space for flavor states ͓15͔ ͑see, however, Ref. ͓6͔ for a criticism of that argument͒.
The study of the mixing of fields of different masses in the context of quantum field theory ͑QFT͒ has recently produced very interesting and in some sense unexpected results ͓1-14͔. The story began in 1995 when, in Ref. ͓1͔, the unitary inequivalence of the Hilbert spaces was proved for ͑fer-mion͒ fields with definite flavor on one side and those ͑free fields͒ with definite mass on the other. The proof was then generalized to any number of fermion generations ͓7͔ and to bosonic fields ͓2,5͔. This result strikes of the common sense of quantum mechanics ͑QM͒, where one has only one Hilbert space at hand: the inconsistencies that arise there have generated much controversy and it has even been claimed that it is impossible to construct a Hilbert space for flavor states ͓15͔ ͑see, however, Ref. ͓6͔ for a criticism of that argument͒.
In fact, not only the flavor Hilbert space can be consistently defined ͓1͔, but it also provides a tool for the calculation of flavor oscillation formulas in QFT ͓3,8 -14,16 -18͔, exhibiting corrections with respect to the usual QM ones ͓19,20͔.
From a general point of view, the above results show that mixing is an ''example of nonperturbative physics which can be exactly solved,'' as stated in Ref. ͓13͔. Indeed, the flavor Hilbert space is a space for particles which are not on shell and this situation is analogous to what one encounters when quantizing fields at finite temperature ͓21͔ or in a curved background ͓22͔.
In the derivation of the oscillation formulas by use of flavor Hilbert space, a central role is played by the flavor charges ͓9͔ and indeed it was found that these operators satisfy very specific physical requirements ͓6,8͔. However, these charges vanish identically in the case of neutral fields and this is the main reason why the study of field mixing has been limited up to now to only the case of charged ͑complex͒ fields. We fill here this gap by providing a consistent treatment of both neutral bosons and Majorana fermions. To keep the discussion transparent, we limit ourselves to the case of two generations.
Apart from an explicit quantization of the neutral mixed fields, the main result of this paper is the study of the momentum operator ͑and of the energy-momentum tensor͒ for those fields. We show how to define it in a consistent way and by its use we then derive the oscillation formulas, which match those for charged fields. We also comment on its relevance for the study of charged mixed fields, where, in the case when CP violation is present, the charges present a problematic interpretation which is still not completely clarified ͓10,11,14͔.
The paper is organized as follows: first we discuss the mixing of neutral ͑spin-0͒ bosonic fields. Then, we treat Majorana fields, and finally we discuss some general consequences of our results and draw conclusions.
We consider here the simple case of mixing of two spin-0 neutral boson fields. We follow the case of charged fields as discussed already in Refs. ͓2,5,12͔ and introduce the mixing relations as
and similar ones for the conjugate momenta ϭ‫ץ‬ 0 . We denoted the mixed fields with suffixes A and B. The free fields 1 , 2 can be quantized in the usual way ͑x 0 ϵt):
with canonical commutation relations. We now recast Eq. ͑1͒ into the form ͓, jϭ(A,1),(B,2)͔:
and similar ones for (x). As for charged bosons ͓12͔, the mixing generator G is an element of SU͑2͒ with
The flavor fields can be thus expanded as
with , jϭ(A,1), (B,2) and
where Û k (t) and V k (t) are Bogoliubov coefficients
We now consider the action of the generator of the mixing transformations on the vacuum ͉0͘
for the fields i (x):
ϭ0, iϭ1,2. The mixing generator induces an SU͑2͒ coherent state structure on such state ͓23͔:
.
͑12͒
We will refer to the state ͉0(,t)͘
A,B
as to the flavor vacuum for bosons. We have . A crucial point is that the flavor and mass vacua are orthogonal in the infinite volume limit. We indeed have ͑see also ͓12͔͒:
Ϫ1 . In the infinite volume limit, we obtain
͑13͒
We have that ln f 0 k () is indeed negative for any values of k, and m 1 ,m 2 ͑note that 0рр/4). Observe that the orthogonality disappears when ϭ0 and/or m 1 ϭm 2 . We define the state for a mixed particle with flavor A and momentum k as
. ͑14͒
In the following we work in the Heisenberg picture, and flavor states will be taken at reference time tϭ0 ͑including the flavor vacuum͒; we also define ͉a k,A ͘ϵ͉a k,A (0)͘.
Let us now consider the ͑nonvanishing͒ commutators of the flavor ladder operators at different times and observe that the following quantity is constant in time:
͑15͒
In Ref. ͓12͔, the equation that corresponds to Eq. ͑15͒ for charged fields was consistently interpreted as expressing the conservation of total charge. In the present case we are dealing with a neutral field and thus the charge operator vanishes identically. Nevertheless, the commutators in Eq. ͑15͒ are well defined and are the neutral-field counterparts of those for charged fields. Thus we look for a physical interpretation of such oscillating quantities. Let us consider the momentum operator, defined as the diagonal space part of the energy-momentum tensor ͓24͔:
For the free fields j we have
with jϭ1,2. In a similar way we can define the momentum operator for the mixed fields:
where ϭA,B. The two operators are obviously related: P (t)ϭG Ϫ1 (t)P j G (t). Note that the total momentum is conserved in time since it commutes with the generator of mixing transformations ͑at any time͒:
Thus in the mixing of neutral fields, the momentum operator plays an analogous role to that of the charge for complex fields ͓12͔. We now consider the expectation values of the momentum operator for flavor fields on the flavor state ͉a k,A ͘. This is an eigenstate of P A (t) at time tϭ0: P A (0)͉a k,A ͘ ϭk͉a k,A ͘, which follows from P 1 ͉a k,1 ͘ϭk͉a k,1 ͘ by application of G Ϫ1 (0). At time t 0, the expectation value of the momentum ͑normalized to the initial value͒ gives ( ϭA,B):
͑19͒

One can check that the ͑flavor͒ vacuum expectation value of P (t) does vanish at all times:
A,B
͗0͉P (t)͉0͘
A,B ϭ0 which can be understood by realizing that the flavor vacuum ͉0͘
A,B is a condensate of pairs with zero total momentum. We finally obtain BRIEF REPORTS PHYSICAL REVIEW D 69, 057301 ͑2004͒
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͑20͒
with P k,A A (t)ϭ1ϪP k,B A (t), in complete agreement with the charged field case ͓12͔.
Now we consider the case of mixing of two Majorana fermion fields. A Majorana fermion field satisfies the Dirac equation (i‫ץ‬ " Ϫm)ϭ0 and the self-conjugation relation ϭ c with c (x)ϵ␥ 0 C*(x) and the charge-conjugation operator C is defined as satisfying the relations C Ϫ1 ␥ C ϭϪ␥ T , C † ϭC Ϫ1 , and C T ϭϪC. The mixing relations are
where e , are the neutrino fields with definite flavors. 1 , 2 are the ͑free͒ neutrino fields with definite masses m 1 , m 2 , respectively. is the mixing angle. The quantization of the free fields is given by ͓25͔
where u k, j r (t)ϭe Ϫi k, j t u k, j r and v k, j r (t)ϭe i k, j t v k, j r . In order for the above Majorana condition to be satisfied the four spinors must also satisfy the conditions v p, j s ϭ␥ 0 C(u p, j s )* and u p, j s ϭ␥ 0 C(v p, j s )*. The equal time anticommutation relations are
All other anticommutators are zero. The orthonormality and completeness relations are the same as in Ref.
͓1͔.
We can recast Eqs. ͑21͒ into the following form:
with , jϭ(e,1), (,2) . The flavor fields can be thus expanded as
with , jϭ(e,1), (,2) and ͓for kϭ(0,0,͉k͉)]
where
are the Bogoliubov coefficients.
As for the neutral boson case we now consider the action of the generator of the mixing transformations on the vacuum ͉0͘ 1,2 . The flavor vacuum is then defined as ͉0(,t)͘ e, ϵG Ϫ1 (t)͉0͘
1,2 and the state for a mixed particle with definite flavor, spin, and momentum as ͉␣ k, r (t)͘ ϵ␣ k, r † (t)͉0(t)͘ e, . The anticommutators of the flavor ladder operators at different times satisfy the following relation ͑notice the difference in the signs with respect to the boson case͒:
͑28͒
The momentum operator is now P j ϵ͐d 3 xJ 0 j (x), where the energy-momentum tensor for the fermion field is J ϵ(i/2) ␥ ‫ץ‬ . For the free fields j we have
where jϭ1,2. For mixed fields,
We have ͚ P (t)ϭ ͚ j P j ϭP and ͓P,G (t)͔ϭ0, ͓P,H͔ϭ0. We now consider the expectation values on the flavor state ͉␣ k,e r ͘ϵ͉␣ k,e r (0)͘. At time tϭ0, this is an eigenstate of the momentum operator P e (0): P e (0)͉␣ k,e r ͘ϭk͉␣ k,e r ͘. At t 0 the expectation value for the momentum ͑normalized to initial value͒ gives
where ϭe,. This is the same form one obtains for the expectation values of the flavor charges in the case of Dirac fields ͓3͔. The flavor vacuum expectation value of the momentum operator P (t) vanishes at all times:
e, ͗0͉P (t)͉0͘ e, ϭ0 with ϭe,. We thus obtain
with P k,e e (t)ϭ1ϪP k, e (t), in complete agreement with the Dirac field case ͓3͔.
In this paper, we have studied in detail the mixing of neutral particles in the context of quantum field theory. We considered the mixing among two generations, both in the case of neutral scalar fields and for Majorana fields. Our analysis confirms previous results on the mixing of charged fields, and indeed we show that also for neutral fields the Hilbert spaces for definite flavor and for definite masses are orthogonal in the infinite volume limit.
The main result of this paper is, however, the calculation of oscillation formulas, which we obtained by use of the momentum operator. Our results confirm the oscillation formulas already obtained in the case of charged fields by use of the flavor charges, and it is also revealed to be useful in the case of three-flavor mixing, where the presence of the CP violating phase introduces ambiguities in the treatment based on flavor charges ͓14͔.
Let us comment on this point: for ͑mixed͒ Dirac fields, the momentum operator is (ϭe,,).
